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Abstract

We investigate the computational complexity of the task of detecting dense regions of an
unknown distribution from un-labeled samples of this distribution. We introduce a formal
learning model for this task that uses a hypothesis class as its ‘anti-overfitting’ mechanism.

The learning task in our model can be reduced to a combinatorial optimization problem.
We can show that for some constants, depending on the hypothesis class, these problems are
NP-hard to approximate to within these constant factors.

We go on and introduce a new criterion for the success of approximate optimization
geometric problems. The new criterion requires that the algorithm competes with hypotheses
only on the points that are separated by some margin g from their boundaries.

Quite surprisingly, we discover that for each of the two hypothesis classes that we inves-
tigate, there is a ‘critical value’ of the margin parameter p. For any value below the critical
value the problems are NP-hard to approximate, while, once this value is exceeded, the
problems become poly-time solvable.

1 Introduction

Un-supervised learning is an important area of practical machine learning. Just the same, the
computational learning theory literature has hardly addressed this issue. Part of this discrepancy
may be due to the fact that there is no formal well defined model that captures the many different
tasks that fall into this category. While the formation of such a comprehensive model may be a
very difficult task, its absence should not deter the COLT community from researching models
that capture restricted subareas of un-supervised learning. In this paper we investigate the
computational complexity aspects of a formal model that addresses one specific task in this
domain.

The model we discuss addresses the problem of locating the densest sub-domains of a distribu-
tion on the basis of seeing random samples generated by that distribution. This is, undoubtedly,
one of the applicable tasks of un-supervised learning.

The scenario that we address is one in which the learner is supposed to infer information
about an unknown distribution from a random sample it generates. An adequate model should
therefore include some mechanism for avoiding over-fitting. That is, the model should impose



some restrictions on the class of possible learner’s outputs. The model we propose fixes a
collection of domain subsets (a hypothesis class, if you wish) ahead of seeing the data. The task
of the learner is to find a member of this class in which the average density of the example-
generating distribution is maximized. For simplicity we restrict our attention to the case that
the domain is the Euclidean space R™. Density is defined relative to the Euclidean volume. By
restricting our hypothesis classes to classes in which all the sets have the same volume, we can
ignore the volume issue.

A model similar to ours was introduced by Ben-David and Lindenbaum [3]. In that paper
a somewhat more general learning task is considered: given a threshold r € [0, 1], the learner is
required to output the hypothesis in the class that best approximates the area on which the dis-
tribution has density above r. Ben-David et al. define a notion of a cost of a hypothesis, relative
to a target distribution, and prove (e,0) type generalization bounds. As can be expected, the
sample size needed for generalization depends on the VC-dimension of the underlying hypothesis
class. We refer to that paper for a discussion of the relevance and potential applications of the
model. However, [3] does not address the computational complexity of learning in this model.

Standard uniform convergence considerations imply that detecting a hypothesis (domain sub-
set from the hypothesis class) with close-to-maximal density is essentially equivalent to detecting
a hypothesis that approximates the maximal empirical density, with respect to the training data.
We are therefore led to the following, purely combinatorial, problem:

Given a collection H of subsets of some domain set, on input — a finite subset P of
the domain — output a set h € H that mazimizes |P N h|.

We consider two hypothesis classes: the class of axis aligned hypercubes and the class of
balls (both in ™). For each of these classes we prove that there exists some v > 0 (independent
of the input sample size and dimensionality) such that, unless P = NP, no polynomial time
algorithm can output, for every input sample, a hypothesis in the class that has agreement rate
(on the input) within a factor of v of the optimal hypothesis in the class.

On the other hand, we consider a relaxation of the common success criterion of optimization
or approximation algorithms. Rather than requiring an approximation algorithm to achieve a
fixed success ratio over all inputs (or over all inputs of the same size or dimensionality), we
let the required approximation ratio depend on the structure of each specific input. Given a
hypothesis class H of subsets of U,R", and a parameter p > 0,

an algorithm solves the p-relaxed problem associated with H, if, for every input
sample, it outputs a member of H that contains as many sample points as any
member of H can contain with margin > pu (where the margin of a point relative to
a hypothesis is the radius of the largest ball around the point that is fully contained
in the hypothesis).

In other words, such an algorithm is required to output a hypothesis with close-to-optimal
performance on the input data, whenever this input sample allows a maximal intersection (with
a member of H) that achieves large enough margin for most of the points it contains. On the
other hand, if for every element h € H that achieves close-to-maximal-size intersection with the
input a large percentage of the points in the intersection are close to h’s boundaries, then an
algorithm can settle for a relatively poor success ratio without violating the p-relaxed criterion.



One appealing feature of this new performance measure is that it provides a rigorous success
guarantee for agnostic learning that may be achieved by efficient algorithms for classes that can’t
have poly-time algorithms that succeed with respect to the common ‘uniform’ approximation
ratio criterion. We shall show below that the class of balls provides such an example, and in a
forthcoming paper [4] we show that the class of linear perceptrons is another such case.

This paper investigates the existence of poly-time algorithms that solve the p-relaxed problem
associated with a hypothesis class H. Clearly, a relaxation becomes computationally easier as
u grows, and is hardest for p = 0, in which case it becomes the usual optimization problem
(without relaxation). As mentioned above, we show that these optimization problems — finding
the densest ball or the densest hypercube — are A'"P-hard, to approximate (for other A"P-hardness
results of this type see [9], [10]). We are interested in determining the values of y at which the
NP-hardness of the relaxed problems breaks down.

Quite surprisingly, for each of the classes we investigate (axis-aligned hyper-cubes and balls),
there exists a value pg so that, on one hand, for every u > ug, there exist efficient algorithms for
the p-relaxation, while on the other hand, for every p < pg the p-relaxed problem is N'P-hard
(and, in fact, even hard to approximate). A similar phenomenon holds also for the class of linear
perceptrons [4].

The paper is organized as follows: Section 2 introduces the combinatorial optimization prob-
lems that we shall be considering, along with some basic background in hardness-of-approximation
theory. Section 3 discusses the class of hypercubes and provides both the positive algorithmic
result and the negative hardness result for this class. Next we discuss the class of balls. Section
4 contains the hardness result for this class while the following Section 5 provides efficient op-
timization algorithms for the p-relaxation of the densest ball problem. Finally, in Section 6 we
list several possible extensions of this work.

2 Definitions and Basic Results

In this section we introduce the combinatorial problems that we shall address in the paper.
We then proceed to provide the basic definitions and tools that we shall use from the theory
of approximation of combinatorial optimization problems. We end this section with a list of
previously known hardness-of-approximation results that we shall employ in our work.

2.1 The Combinatorial Optimization Problems

We discuss combinatorial optimization problems of the following type:

The densest set problem for a class H: Given a collection H = U2 ' H,, of subsets, H,, C
2% on input (n, P), where P is a finite multi-set of points in R”, output a set h € H,, so
that h contains as many points from P as possible (accounting for their multiplicity in P).

We shall mainly be concerned with the following instantiations of the above problem:

Densest Axis-aligned Cube (DAC) Each class H,, consists of all cubes with side length
equal 1 in R™. That is, each member of H,, is of the form []'"; I;, where the I;’s are real
intervals of the form I; = [a;, a; + 1].

Densest Open Ball (DOB) Each class H,, is the class of all open balls of radius 1 in £".



Densest Closed Ball (DCB) Each class H,, is the class of all closed balls of radius 1 in R".
For the sake of our proofs, we shall also address some other optimization problems, namely:

MAX-E2-SAT ! Input is a collection C of 2-clauses over n Boolean variables. The problem is
to find an assignment a € {0, 1}" satisfying as many 2-clauses of C' as possible.

BSH Inputs are of the form (n, Py, P_), where n > 1, and Py, P_ are multi-sets of points from
R™. A hyper-plane H(w,t), where w € R"™ and t € R, correctly classifies p € Py if wp > t,
and it correctly classifies p € P_ if wp < t. The problem is to find the Best Separating
Hyper-plane for P, and P_, that is, a pair (w,t) € R"™ x R such that H(w,t) correctly
classifies as many points from Py U P_ as possible.

DOH This is the densest set problem for the class of open hemispheres. That is, inputs are
multi-sets P of points from S™ — the unit sphere in R — and each class H,, is the class
of all sets of the form {x : wz > 0} for w € R".

2.2 Basic Notions of Combinatorial Optimization

For each maximization problem II and each input instance Z for II, opty;(Z) denotes the maxi-
mum profit that can be realized by a legal solution for Z. Subscript II is omitted when this does
not cause confusion. The profit realized by an algorithm A on input instance Z is denoted by
A(Z). The profit associated with a legal solution o for input instance Z is denoted by |o|. The
quantity
OptH(I) — A(I) (1)
optr(Z)

is called the relative loss of algorithm A on input instance Z. Ideally, the relative loss is not
much bigger than zero.

We generalize the definition above by allowing the performance of the algorithm to be mea-
sured relative to a function other than opty;. We denote the V -relazation of II by II[V]. Analo-
gously to (1) above, we define the V-relative loss of an algorithm A as

V(Z) - AT

An algorithm A is called d-approzimation algorithm for II[V], where 6 € R, if its V-relative loss
on 7 is at most ¢ for all input instances Z. Note that the original problem II is the same as the
opty-relaxation of II.

Let II[V] and II'[V'] be two (potentially relaxed) maximization problems. A polynomial
reduction from II[V] to II'[V], consists of two functions:

Input Transformation a polynomial time computable mapping Z — Z’, which transforms an
input instance Z of II into an input instance Z' of II'

Solution Transformation a polynomial time computable mapping (Z,0’) — o, which trans-
forms (Z,c"), where Z is an input instance of II and ¢’ is a legal solution for Z’, into a
legal solution o for 7

1«Rg2” stands for “Exactly 2 literals per clause”.



We write II[V] <,o II'[V] to indicate that there exists a polynomial reduction of II[V] to II'[V].
Given a polynomial time algorithm A’ which finds a legal solution ¢’ for each given input
instance Z’ of IT" and a polynomial reduction from II to IT', we obtain the following polynomial
time algorithm A for II:

1. Compute Z’ from Z.
2. Compute a legal solution ¢’ for 7’ using A’.
3. Compute a legal solution o for Z from (Z,o").

We refer to A as the algorithm induced by A’ and the reduction.

In general, a polynomial reduction is not approximation-preserving. Even if A’ is a 6-
approximation algorithm for IT'[V’], there is in general no upper bound on the V-relative loss
of the induced algorithm A. In this paper, we shall use special reductions which obviously are
approximation-preserving:

Definition 2.1 Assume that II[V] <, IU'[V']. We say that there is a loss-preserving reduction
of [V] to IU'|V], written as H[V]SZ)ZH’[V’}, if there exists a polynomial reduction that satisfies
the following conditions:

1. The input transformation maps I to I’ such that V'(I') > V(T).
2. The solution transformation maps (Z,0’) to o such that |o| > |o’].
The following result motivates the name “loss-preserving”.

Lemma 2.2 [f H[V]g;ﬁ)lﬂ’[‘/’] and there is no polynomial time d-approximation algorithm for
IT[V], then there is no polynomial time §-approximation algorithm for II'[V'].

Proof: Assume for sake of contradiction that A’ is a polynomial time J-approximation algo-
rithm for II'[V’]. Let A be the algorithm induced by A’ and and a loss-preserving reduction
of II[V] to II'[V]. The definition of loss-preserving reductions implies that V/(Z') > V(Z) and
A(Z) > A(T'). Thus,

V(IZ)-AZ) _, AQ) AT) _V'(T) - AT
v v s v T vy S
We arrived at a contradiction. []

2.3 Relaxed Densest Set Problems

As mentioned in the introduction, we shall mainly discuss a new notion of relaxation for densest
set problems. The idea behind this new notion is that the required approximation rate varies
with the structure of the input sample. When there exist optimal solutions that are ‘stable’,
in the sense that minor variations to these solutions will not affect their cost, then we require
a high approximation ratio. On the other hand, when all optimal solutions are ‘unstable’ then
we settle for lower approximation ratios. This idea is formalized by comparing the profit of the
approximation algorithm not to the cost of the optimal solution (i.e., the number of input points
included in the optimal solution), but rather to the number of points from the input that the
optimal solution contains with some margin u.



Before we proceed, let us fix some notation. Let n > 1, w,z € R, t € R, and r € RT.
H(w,t) = {x € R" : wx = t} denotes the hyper-plane induced by w and t. Hi(w,t) = {z €
R":wz >t} and H_(w,t) = {x € R" : we < t} denote the corresponding positive and negative
open half-space, respectively. B(z,7) = {x € R" : ||z — z|| < r} denotes the open ball of radius
r around center z. B(z,7) = {x € R" : ||z — z|| < r} denotes the corresponding closed ball. 2"
denotes the all-zeroes vector in R"™ (the origin). B™ = B(z", 1) is our short notation for the open
unit ball, B" = B(z",1) denotes the closed unit ball, and S = {x € " : ||z|| = 1} denotes the
unit sphere in 1".

Definition 2.3 Let H = Up,>1H,,, where H, C 2% be a hypothesis class, and let u > 0 be a
positive real.

o For each h € Hy, let h* be the set of points that are included in h with a margin p, i.e.,

= {x eR" : B(z,u) Ch}.
e Given a finite multiset P C R", let

Vi(n,P) 2 max [P0 R,
6 n

In other words, V,,(n, P) denotes the maximum number of points in P (accounting for their
multiplicity) that can be included in a hypothesis from H,, with margin p.

e The p-relaxed densest set problem for H is defined as the V),-relaxation of the densest set
problem for H.

We use II[u] to denote the p-relaxzation II[V,,] of the problem II.

2.4 Some Known Hardness-of-Approximation Results

We shall base our hardness reductions on two known results.

Theorem 2.4 [Hastad, [8]] Assuming P # NP, for any 6 < 1/22, there is no polynomial
time d-approximation algorithm for MAX-FE2-SAT.

Theorem 2.5 [Ben-David, Eiron and Long, [2]] Assuming P # NP, for any § < 3/418,
there is no polynomial time d-approximation algorithm for BSH.

Claim 2.6 BSH<” DOH.

Proof: By adding a coordinate one can translate hyper-planes to homogeneous hyper-planes
(i.e., hyper-planes that pass through the origin). To get from the homogeneous hyper-planes
separating problem to the densest hemisphere problem one applies the standard scaling and
reflection tricks. []

Corollary 2.7 Assuming P # NP, there is no polynomial time §-approximation algorithm for
DOH, for any § < 3/418.



3 The Relaxed Densest Cube Problem

We present a (rather simple) algorithm, Algorithm 3.1 below, which solves the 1/4-relaxation
of the DAC problem in polynomial time. We complement this result by showing that the u-
relaxation of DAC is N'P-hard (and, in fact, even N'P-hard to approximate) for each u < 1/4.
Thus (despite its simplicity), Algorithm 3.1 already solves the hardest relaxation of DAC that
can be solved by any polynomial time algorithm (unless P = N'P).

An axis aligned cube with edge length u will be briefly called u-cube in what follows. Let
W be a 1-cube. Note that the points which are contained in W with margin 0 < p < 1/2 are
contained in a concentric (1 — 2u)-sub-cube of W. (Figure 1 illustrates this observation.)

Recall that the input to DAC has the form (n, P), where P is a finite multi-set of points from
R". The legal outputs are the n-dimensional 1-cubes. Recall furthermore that V,(n, P) denotes
the maximal number of points from P (accounting for their multiplicity) that can be included
in a 1-cube with margin y. According to our observation above, V) 4(n, P) coincides with the
maximal number of points from P that can be included in a 1/2-cube. In order to solve the
1/4-relaxation of DAC, one has to output a 1-cube containing at least V; /4(n, P) points. Here
is the algorithm which achieves this goal:

Algorithm 3.1:
1. For each point p in P do:

(a) Let W/[p|] be the 1-cube with center p.
(b) Compute the “gain” G[p] 2 |W p] N P| associated with each p € P.

2. Choose the point ppax such as to maximize G[p] and output W [pmax]-

Theorem 3.2 Algorithm 3.1 solves the 1/4-relaxation of DAC and runs in polynomial time.

Proof: Let W, be the 1/2-cube which contains V1/4(n,P) points. Let p, be a point from
W, N P (arbitrarily chosen). Obviously W p.] (the 1-cube with center p.) contains W, as sub-
cube. (Figure 1 illustrates this observation.) Therefore,

G(Pmax) = W [pmax] N P| > [W[p] O P| > [W. 0 P| = Vi 4(n, P).

It follows that Algorithm 3.1 solves the 1/4-relaxation of DAC. It clearly runs in polynomial
time. []

The next result shows that the 1/4-relaxation of DAC is the hardest relaxation which can
be solved in polynomial time.

L
Theorem 3.3 For every 0 < pu < 1/4, MAX-E2-SAT<] DACy].

Proof: Let 0 < p < 1/4 be fixed. Remember that we can view 1-cubes, containing a set of
points with margin pu, as (1 — 2u)-cubes containing the same set of points. The point in R"
whose i-th coordinate equals 1 — 2u and whose other coordinates equal zero is denoted by p!' in
what follows.

We will define a loss-preserving reduction from MAX-E2-SAT to the p-relaxation of DAC.
(Compare with Definition 2.1.) The following constructions are illustrated in Figure 2.
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Figure 1: A 1-cube W, its concentric 1/2-sub-cube Wy, a point p. € W, and the 1-cube W{p,]
centered at p..

First, we define a mapping ¢ from input instances of MAX-E2-SAT (over n variables) to
finite multi-sets in k™. Let v, ..., v, be the variables that appear in the propositional formulas,
and let —wq, ..., -, denote their negations, respectively. Let h be the function which maps v;
to pi' and —wv; to —pf'. Given a 2-clause [; V la, define the point triplet

$(I V 12) 2 {h(l) + h(la), —=h(l1) + h(la), h(l) — h(l2)}.

Informally, we associate with each 2-clause ¢ three points in the plane spanned by the coordi-
nates that correspond to the variables of ¢. These three points represent the three satisfying
assignments for ¢. Finally, we extend the definition of ¢ from 2-clauses to collections of 2-clauses
by setting
A
¢(C) = | ¢le),
ceC

where the union of sets should be interpreted as multi-set. Obviously, ¢(C) can be constructed
from C' in polynomial time.

Let a = (a1,...,an) € {0,1}" be an assignment to (vy,...,v,) which satisfies the maximal
number, say s, of 2-clauses from C. We have to show that there exists a (1 — 2u)-cube which
contains at least s, points of the multi-set ¢(C'). Setting I[0] = [—(1—2u),0] and I[1] = [0, 1—24],



the (1 — 2u)-cube W, = x?'_;I[a;] serves this purpose. More precisely, W, contains one of the
three points of ¢(c) iff a satisfies c. Thus, W, contains s, points of ¢(C).

Let now W = xI,I; be a l-cube which contains s points from ¢(C). Note that each
cube which contains at least two points of the point triplet ¢(c) must have side length at least
2(1 —2u) > 1. Thus, W contains at most one point of each triplet. It follows that there
are s “designated” 2-clauses in C with the property that one point of the associated point
triplet belongs to W. Setting a; = 1 if interval I; contains 1 — 2u and a; = 0 otherwise, we
obtain an assignment a = (a1,...,a,) to (vi,...,v,) which satisfies precisely the s designated
2-clauses. Clearly, a can be computed from C and W in polynomial time. This completes the
loss-preserving reduction from MAX-E2-SAT to DAC|u]. J

U3

U1

Figure 2: The point triplet associated with the 2-clause v; V —w3 in the {v1,vs,v3}-space, the
cube corresponding to the satisfying assignment (vi,v2,v3) = (0,1,0), and (at top of it) the
cube corresponding to the falsifying assignment (vq,vo,v3) = (0,1,1)

Corollary 3.4 For every 0 < p < 1/4 and for every 0 < § < 1/22, there is no polynomial time
d-approxzimation algorithm for the p-relazation of DAC (unless P = NP).

4 Hardness of the Densest Ball Problem

In this section we prove a hardness-of-approximation result for the DOB problem (Theorem 4.2
below). We refer to H (w,0) as an open hemisphere because we use the hyper-plane H(w,0) as
a separator of the unit sphere S™ into two hemispheres. We may assume that ||w| = 1 because
for all A > 0, Hy(w,0) = Hy (A\w,0).

Lemma 4.1 DOH<[ DOB.



Proof: Let Z = (n, P) be a given input to DOH, where P is a multi-set of points in S™. We
choose the trivial input transformation Z — Z, i.e., Z = (n, P) is also considered as input to
DOB.

Let C(w, P) be the multi-set of points from P that also belong to H(w,0), and let C’(z, P)
be the multi-set of points from P that also belong to B(z,1). The reduction from DOH to DOB
is now accomplished by proving the following statements:

YVwe S", 3z e R":  C(w,P) C B(z,1) (3)
VzeR": C'(z,P) C Hi(z,0) (4)

These statements certainly imply that there is a loss-preserving reduction from DOH to DOB.
(Compare with Definition 2.1.)

To prove statement (3), we set j = minycco(y,p) |w - p| . This implies that w-q > p > 0 for
all ¢ € C(w, P). We claim that z = pw is an appropriate choice for z, i.e., each ¢ € C(w, P) also
belongs to B(z,1). Using w-w = ¢q - ¢ = 1, this claim is evident from the following calculation:

lz—al*> = (z-9¢)- (=0
= 2-2-22-q+q-q
= prwew—2pw-qtq-q
= u2—2,uw-q—|—1
< P21
= 1-u°
1

A

In order to prove statement (4), we have to show that each ¢ € C'(z, P) satisfies z - ¢ > 0.
To this end, note first that ¢ € C'(z, P) implies ¢ - ¢ = 1 and

1>|z—q|*=2-2-22-q+q-q=2-2—22-q+1>—22-q+ 1.

Clearly, this implies that z - ¢ > 0. []
Applying Corollary 2.7 we readily get

Theorem 4.2 Assuming P # NP, there is no polynomial time §-approximation algorithm for
DOB, for any § < 3/418.

As shown in [4], a similar result holds for the Densest Closed Ball problem.

Theorem 4.3 (Ben-David and Simon, [4]) Assuming P # NP, there is no polynomial
time §-approzimation algorithm for DCB, for any 6 < 1/198.

5 Computation of Dense Balls

We know from Section 4 that it is an NP-hard problem to find an (approximately) densest
(open or closed) ball for a given multi-set of points in R™. In this section, we show that, for
each constant 0 < u < 1, the p-relaxation of this problem can be solved optimally in polynomial
time. For the sake of exposition, we restrict the following discussion to closed balls. Also, for
brevity, we use r-ball to refer to a ball with radius r.
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Let B be a 1-ball. Note that the points which are contained in B with margin p form the
concentric (1 — p)-sub-ball of B. It follows that, an algorithm that solves the p-relaxation of
DCB on input (n, P) must output the center of a 1-ball B such that |B N P| > |B, N P| for
every (1 — p)-ball B,. A simple scaling argument shows that instead of balls with radius 1 and
1 — u, respectively, we may as well consider balls with radius ﬁ and 1, respectively. The goal
is therefore to design a family of algorithms which can successfully compete against the densest
closed 1-ball by means of a closed ball of a radius slightly exceeding 1. This general idea is
captured by the following definitions.

Assume that R(k,n) is a function which maps each pair (k, n) to a positive real R(k,n) € R*.
R is called admissible if limy_ oo lim, o0 R(k,n) = 0.

A family (Ag)r>1 of polynomial time algorithms is called R-successful for DCB if, on input
(n, P), Ay, outputs the center of a (1 + R(k,n))-ball B such that |B N P| > |B. N P| for every
1-ball B,.

Lemma 5.1 If there exists a family of polynomial time algorithms which is R-successful for an
admissible function R, then the p-relaxation of DCB can be solved in polynomial time for each
w>0.

Proof: Let (n, P) be the input to DCB. Choose k such that R(k,n) < {£.. This is always
possible, for large enough n, since R is admissible. Define scaling factor
1

S
1—p 1—p

1>

A

Note that 1 4+ R(k,n) < XA and 1/X\ =1 — u. Apply the algorithm Aj (the k-th member of the

R-successful family) to input (n, A- P), where A P 2 {\-p| p € P}. If A} outputs center z, then

output center %z. Since Ay, belongs to an R-successful family, B(z, 1+ R(k,n)) does not contain

less points from A - P than any 1-ball. We can make the same claim a-fortiori for B(z, \). It

follows that B(z/),1) does not contain less points from P than any (1 — yu)-ball. 0
The main result of this section is:

Theorem 5.2 For each p > 0, the p-relaxzation of DCB can be solved in polynomial time.

According to Lemma 5.1, the theorem is obtained once we have presented an R-successful
family of polynomial time algorithms for an admissible function R. To this end, we proceed
as follows. In Subsection 5.1, we present a generic family of algorithms for DCB containing
some programmable parameters. The appropriate setting of these parameters requires some
geometric insights which are provided in Subsection 5.2. Three concrete (families of) algorithms
for DCB are analyzed in Subsections 5.3 and 5.4: the Center-of-Gravity algorithm, the Smallest-
Ball algorithm, and the Equal-Distance algorithm. The first algorithm is Ri-successful for

Ri(k,n) = \/1/k. The other two algorithms are both Ra-successful for Ra(k,n) = w"fkik“. Ry

and Ry are both admissible. Furthermore, Ro(k,n) < /1/k with equality when n approaches
infinity. According to Lemma 5.1, the members of the R;- and Rs-successful families solve the p-
relaxations of DCB. For a given p, it is sufficient to use an algorithm Ay such that /1/k < ﬁ

E.g., k = [1/u?] is a possible choice.

11



5.1 A Generic Algorithm for the Densest Ball Problem

Let Z denote a function which maps finite multi-sets @ of points from R to points in R™. Let
R denote a function which maps pairs (k,n) to positive reals. Here is the high level description
of our generic algorithm for DCB:

Algorithm 5.3: Let Z, R,k be fixed. Algorithm Af’R proceeds as follows on input (n, P):

1. For each multi-set @) containing at most k& points from P (possibly with repetitions),
compute two quantities associated with Q:

e the “candidate center” Z(Q) € R",
o the “gain” G(Z(Q)) 2 |P N B(Z(Q),1+ R(k,n))|.
2. Choose Zpax from the candidate centers such as to maximize G(Z) and output Zpax.

Before we present some concrete choices for the functions Z, R, we briefly mention the following
potential simplifications of the generic algorithm:

Fixed Size Multisets (FSM) If the generic algorithm is run in F'SM-mode, then we check
only multi-sets @ of fixed size k.

No Repetitions (NR) If the generic algorithm is run in NR-mode, then we consider sets @
instead of multi-sets.

Here are three concrete choices for the Z- and the R-function, respectively, which will be
analyzed in the course of the next subsections:

Center-of-Gravity (ASG) uses the following functions in the roles of Z and R, respectively:

Zoa(Q) (5)

>
[~
N
()

1>

Ri(k,n) 1/k (6)

Ry (k,m) B (7)

(A7B) uses Zsp and Ry in the roles of Z and R, respectively.

Equal-Distance Let Zgp(Q) be the point which has the same Euclidean distance to all ¢ € Q
and belongs to the same affine sub-space as Q. (AED) uses Zgp and Ry in the roles of Z
and R, respectively.

AEG is run in FSM-mode. A%B and AED are run in NR-mode.

Here are some brief comments on the computational complexity of these algorithms. Note
first that it is not necessary to evaluate the square root. E.g., in order to check whether a point
r is included in a ball of radius 1/1/k around a center z, one checks whether the square of the
Euclidean distance between x and z (which can be expressed as a scalar product) is bounded
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by 1/k. Note second that all three algorithms perform an exhaustive search through O(m*)
candidate (multi-)sets. For each fixed (multi-)set, there is a polynomial time bound. A{“ is the
simplest algorithm, because each center of gravity is found in linear time. In order to find the
center of the smallest ball that contains a given set (), one has to solve a quadratic programming
problem subject to linear constraints. In order to find AED(Q), it is sufficient to solve a system
of linear equations (e.g., by Gaussian elimination) because AFP(Q) can be expressed as the
intersection of hyper-planes (after a coordinate transformation which maps the points in the
appropriate sub-space). Thus, A%B requires more computational resources than AED, which, in
turn, requires more computational resources than AgG.

All three algorithms share a common property: they are “compatible with translation and
scaling”. More precisely, let

zo+Pé{zo+p|p€P} and)\-Pé{)\-p]peP}
for each zp € R™ and A > 0. We say that Z is compatible with translation if equation
Z(n,zo+ P) =20+ Z(n, P)
is valid for each choice of n, P, zg. We say that Z is compatible with scaling if equation
Z(n,\-P)=X-Z(n,P)
is valid for each choice of n, P, \. The following result is fairly obvious:

Lemma 5.4 The functions Zog, Zsp, and Zgp are compatible with translation and scaling.

Algorithms which are compatible with translation and scaling exhibit a nice feature. Their
performance analysis can be restricted w.l.o.g. to “normalized inputs”. More precisely, we say
that an input (n, P) for DCB is normalized if the following holds:

e The closed unit ball B" is a densest closed 1-ball on input (n, P).
e Each closed ball of radius less than 1 contains less points from P than B™.

In other words, the closed unit ball is the (unique) smallest densest ball on input (n, P). The
following result is obvious:

Lemma 5.5 Let (Ag) be a family of algorithms for DCB which is compatible with translation
and scaling. If (Ay) is R-successful on each normalized input, then (Ay) is R-successful (on each
input).

5.2 Full and Partial Spanning Sets for Smallest Balls

Let B be an open n-dimensional ball and B the corresponding closed ball. The center of B is
denoted as zg. The boundary of B, called B-sphere hereafter, is denoted as Sp. Each hyper-
plane H partitions £" into the three sets H., H_ (the open half-spaces induced by H) and
H itself. Each hyper-plane H which passes through zp cuts the B-sphere Sp into two open
B-hemispheres, namely Sp N Hy and Sg N H_. Let P C R". The following lemma presents
necessary and sufficient conditions for B being the smallest ball containing P.

Lemma 5.6 Assume that P is contained in B. The following statements are equivalent:
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A1 B is the smallest ball containing P.
A2 The points in PN Sp are not contained in any open B-hemisphere.

A3 The convexr hull K of PN Sp contains zp.

Proof: Let —=A1,—-A2,-A3 denote the negations of the statements Al, A2, A3, respectively.
We will prove the implications —A3 = —A42, A2 = - A1, and A3 = Al.

Let us start with the implication mA3 = —A2. Assume that K does not contain zg. W.l.o.g.
K # () (because otherwise P N Sp = () and —A2 trivially holds). The following reasoning is
illustrated in Figure 3. Let p be the point in K with a minimal distance d > 0 to zp, L, the
line segment from zp to p, and Hj, the hyper-plane through p that is orthogonal to L,. The fact
that K is a convex polyhedron and the choice of p imply that H), does not intersect the interior
of K. If HI’) denotes the hyper-plane that is parallel to H,, and passes through zp (obtained by a
parallel shift of H, along L), then K is totally contained in one of the open half-spaces induced
by Hz/v' The points in PN Sp are therefore contained in one of the open B-hemispheres induced
by H,,.

We proceed with the proof for the implication mA2 = —Al. The following reasoning is
illustrated in Figure 3. Assume that H is a hyper-plane through zp such that the points in
P N Sp are contained in one of the open B-hemispheres induced by H. Let R be the ray that
starts in zp and is directed orthogonally away from H towards the hemisphere containing PNSp.
Let B be the open ball obtained from B by performing an e-shift of center zp along R. It follows
that there exists an € > 0 such that B, contains P. Since B, is open, it can be shrunken and
still contain P. It follows that B is not the smallest ball containing P.

We finally show the implication A3 = Al. Assume that zg € K. The following reasoning
is illustrated in Figure 4. Let B’ be a ball with center zp: such that zp # zp and P C B'.
We have to show that the radius r’ of B’ is greater than the radius r of B. Let L be the line
segment from zp to zp/. Let H be the hyper-plane through zp which is orthogonal to L, H
the open half-space containing zp/ and H_ the other open half-space. Since zp € K, H_ must
contain at least one point p of P N Sp. When we move a point z along L from zp to zp/, its
distance to p strictly increases. Since the distance between zp and p coincides with r and the
distance between zp: and p is a lower bound on 7/, we get v’ > r. 0

Let @ C R" be a set of points in general position. It follows that |Q| < n + 1. The convex
hull of @ is then called the simplez induced by @ and denoted as S(Q). Occasionally, we will
blur the distinction between @ and the induced simplex and use the notation () for both objects.
Remember that each polyhedron in R" can be partitioned into simplexes (which corresponds to
a triangulation of a polygon in the plane). The following definition relates simplexes to balls:

Definition 5.7 Let B be a ball in R and Q C R™ be a set of points in general position. Q is
called spanning set for B if Q C Sp and zp € S(Q). A spanning set for an n-dimensional ball
is called degenerated if it contains at most n points.

The following results are (more or less) immediate consequences of Lemma 5.6.
Corollary 5.8 If Q is a spanning set for B, then Zsp(Q) = Zpp(Q) = 25.
Figure 5 illustrates Corollary 5.8.

Corollary 5.9 Let B be the smallest n-dimensional ball containing a finite set P of points from
R™. Then PN Sp contains a spanning set Q for B.
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Figure 3: A non-smallest ball containing a given set of points.

Figure 4: A smallest ball containing a given set of points.
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(a) (b)

Figure 5: (a) A 2-dimensional example: a spanning set @ of size 3 for a 2-dimensional ball B.
(b) A 3-dimensional example: a degenerated spanning set @) of size 3 for a 3-dimensional ball
B. In both cases, zp = Zsp(Q) = Zep(Q).

Proof: According to Lemma 5.6, the convex hull K of PN Sp contains zp. Form a simplicial
decomposition of the polyhedron K. One of the simplexes in this decomposition, say S, must
contain zp. It follows that the vertex set ) of S is a spanning set for B. []

Let us briefly explain how we will use the concept of spanning sets. Remember that we
can restrict ourselves to a normalized input (n, P), whose smallest densest ball is the unit ball
B™. According to Corollary 5.9, P N S™ contains a spanning set Q" for B". Remember that
|Q™] < n+1. We want to argue that the generic algorithm Ag’R computes at least one candidate
center Z(Q)) that is close to the origin 2. Note that Zsp(Q") = Zgp(Q") = z". Thus, the
Smallest-Ball and the Equal-Distance algorithms would both find the optimal center if they
inspected the full spanning set Q™. However, the generic algorithm inspects only (multi-)sets
Q of size at most k, and k is much smaller than n in general. The hope is that )" contains a
small subset @ such that Z(Q) comes already close to the origin. This motivates the following
definition.

Definition 5.10 Let R be a function which maps a pair (k,n) to a positive real R(k,n) € R+.
We say that function Z is an R-approximator if the following holds:

e 7 is compatible with translation and scaling.

e For each k > 1, for each normalized input (n,P), and for each spanning set Q™ for B",
there exists a multi-set> Q C Q™ of size at most® k such that | Z(Q) — 2"|| = [|1Z(Q)]| <
R(k,n).

The following meta-result is fairly obvious from the above discussions:

Lemma 5.11 If Z is an R'-approzimator and R'(k,n) < R(k,n) for each pair (k,n), then
(AkZ’R) is R-successful.

2Replace “multi-set” by “set” if the generic algorithm is run in NR-mode.
3Replace “at most” by “exactly” if the generic algorithm is run in FSM-mode.
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Let us briefly summarize what we have achieved so far. Setting R’ = R, Lemma 5.11 implies
that a Z-function which is an R-approximator leads to an instantiation (Af’R) of the generic
algorithm that is R-successful. Lemma 5.1 states that an R-successful family of algorithms (for
an admissible function R) can be used to solve the p-relaxation of DCB in polynomial time
(for each p > 0). In order to prove the main result of this section, Theorem 5.2, it is sufficient
to analyze the functions Zcq, ZsB, Zgp and to prove that each of them is an R-approximator
for some admissible function R. This is exactly what we will do in the course of the next two
subsections.

5.3 The Center-of-Gravity Algorithm

The analysis of the Center-of-Gravity algorithm builds on Theorem 5.12; which is attributed to
Maurey [7]. A proof for this theorem can be found in [11, 5] or in [1].

Theorem 5.12 (Maurey, [1]) Let F' be a vector space with a scalar product (-,-) and let || f]| 2
V(f, f) be the induced norm on F. Suppose G C F and that, for some ¢ > 0, ||g|| < ¢ for all
g € G. Then for all f from the convex hull of G and all k > 1 the following holds:

_ JeE=ue
- k

The proof makes use of the probabilistic method. It is essential for the validity of the theorem
that the elements g1, ..., gr taken from G in the inf-expression are not necessarily different.

k

1
%Zgz‘—f

i=1

inf
91,9k €EG

Corollary 5.13 Z¢g is a \/1/k-approzimator.

Proof: We apply Theorem 5.12 to the following special situation:
e ['=R" with the standard scalar product. The induced norm is the Euclidean norm.

e G = Q", where Q" is a spanning set for the unit ball B". Remember that |Q"| < n + 1
and all points of Q™ reside on the unit sphere S". Moreover, the convex hull of Q" is the
simplex induced by @™, which contains the center 2™ of B" (the origin).

e Choose f = z" (the origin). It follows that ||f|| = 0. Since G = Q™ C S™, the bound ¢ in
Theorem 5.12 can be safely set to 1 in our particular application. Thus the upper bound
given in the theorem simplifies to y/1/k.

It follows from this discussion that there exist points g1, ..., g taken from Q" (possibly with
repetitions) such that their center of gravity has distance at most /1/k from the origin. Thus,
Zog is a y/1/k-approximator. 0

5.4 The Smallest-Ball and the Equal-Distance Algorithm

Throughout this subsection, Q™ denotes a spanning set for the closed unit ball B”. Remember
that Q™ consists of (at most n + 1) points in general position that reside on the unit sphere S™.
The simplex S(Q") induced by Q™ contains the origin z". By abuse of notation, we will identify
Q" with S(Q™).
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Each subset @) of Q™ of size k induces the sub-simplex of Q" with vertex set (), briefly called
a k-sub-simpler hereafter. Again, we identify @@ with the induced k-sub-simplex. An n-sub-
simplex is called a face, a 2-sub-simplex is called an edge, and a 1-sub-simplex is called a vertex
of the simplex Q".

Let @ be a face of Q™ and Hg its supporting hyper-plane. Note that the intersection of Hg
and B" is a closed (n — 1)-dimensional ball, say Bg. Its center and its boundary are denoted as
zg and Sg, respectively. Note that ) is contained in Sg, but is not necessarily a spanning set
for BQ. We say that @) is a central face of Q™ if () minimizes the distance between zg and P
For such faces, the following holds:

Lemma 5.14 Each central face Q of Q" is a spanning set for BQ.

Proof: Figure 6 shows the simplex Q" with a face () which is not a spanning set for BQ.
Clearly, zqg is the projection of 2" onto Hg. Since zg does not belong to the face @, the line
connecting z" and zg penetrates another face. It follows that the center of the penetrated face
is closer to the origin 2" than zg. Thus, @ is not a central face. []

Figure 6: A non-degenerated spanning set Q? for B? with a face @) that is not a spanning set
for the corresponding sub-ball Bg.

These considerations can easily be generalized from faces to arbitrary sub-simplexes. We
first generalize the notion of central faces by means of downward induction:

e The notion of a central n-sub-simplex of @™ has already been defined (because a central
n-sub-simplex is a central face).

“Since 2" is the all-zeroes vector, this distance coincides with ||zg]|.
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o A k-sub-simplex of Q" is called central if it is the central face of a central (k + 1)-sub-
simplex of Q.

Let @ be a k-sub-simplex of Q", and let Ug be the (k — 1)-dimensional affine sub-space of R"
that contains Q. The intersection of Ug and B" is a closed (k — 1)-dimensional ball, say By,.
Its center and its boundary are denoted as zg and Sg, respectively. () is contained in Sg, but
is not necessarily a spanning set for BQ. The following result easily follows by induction:

Lemma 5.15 FEach central k-sub-simplex Q) of Q" is a spanning set for B’Q.

Note furthermore that there exists at least one central k-sub-simplex @) of Q" for all k =0, ..., n.

Assume that @ is a k-sub-simplex of Q™ which is a spanning set for B’Q. From Corollary 5.8,
we know that Zsp(Q) = Zgp(Q) = zg. According to Lemma 5.15, this equality holds in
particular for each central k-sub-simplex. The analysis of the Smallest-Ball and the Equal-
Distance algorithm is based on the following

Lemma 5.16 Let Q be a central k-sub-simplex of Q™. Then ||zq|| < Ra(k,n), where Ra(k,n)
is the function given by equation (7).

Lemma 5.16, whose (somewhat lengthy) proof is given in the appendix, basically concludes the
analysis of the Smallest-Ball and the Equal-Distance algorithm:

Corollary 5.17 Zgp and Zgp are both Ro-approrimators.

Proof: Let Q" be a spanning set for Bj‘. Let @ be a central k-sub-simplex of Q™. According
to Lemma 5.15, @ is a spanning set for Bg. It follows that Zsp(Q) = Zgp(Q) = zg. According
to Lemma 5.16, ||zg|| < Ra(k,n). U

6 Conclusions

We briefly mention some possible extensions of our work and some open questions:

e All hardness results presented in this paper remain true when we disallow multi-sets and
consider only points of “multiplicity” 1. The proofs would become technically more in-
volved® (without providing much more insight).

e The notion of y-relaxation can be generalized (in the obvious fashion) from a constant u
to a function p in parameters n (the dimension) or m (the number of points in the input
instance).

e It can be shown [4] that the \/1/(45n)-relaxation of DOH and the 1/(90n)-relaxation of
DOB (or DCB) are NP-hard (and, in fact, even NP-hard to approximate). On the other
hand, we have shown in this paper that the u-relaxation of these problems can be solved
in polynomial time for each constant p > 0. These results leave open the computational
complexity of the p-relaxation of DOH (or DOB,DCB, respectively), when p = p(n)
approaches zero asymptotically slower than /1/n (or 1/n, respectively).

Basically, an input point with multiplicity j must be replaced by j different points with approximately the
same location in ™.
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e The NP-hardness of the 1/(90n)-relaxation of DCB shows that we cannot expect an R-
successful algorithm for DCB — for an admissible function R = R(k,n) — with a poly-
nomial time bound in k. However, the time bound O(m*)poly(n,m) achieved by our
algorithms Acq, Asp, Agp might be improved to time bounds of the form f(k)poly(n,m)
for some function f. In the parameterized complexity framework [6], this is the question
of whether the (1/k)-relaxation of DCB is fixed-parameter tractable.

e In this paper, we investigated the problem of maximizing the empirical density (as opposed
to the true density w.r.t. an input generating distribution). From this purely combinatorial
perspective, the Center-of-Gravity algorithm is almost as successful as the (computation-
ally more expansive) Equal-Distance algorithm (not to speak of the even more expansive
Smallest-Ball algorithm). We expect however Agp and Agp to exhibit a superior statistical
generalization. The validation of this claim will be the subject of future research.
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A  Proof of Lemma 5.16

Remember that Q™ denotes a spanning set for the unit ball B”. Let @ be a central k-sub-simplex
of Q™. Remember that the intersection of B™ with the lowest dimensional affine sub-space of
R" that contains @ yields a (k — 1)-dimensional ball By with center zg. We have to show that
|lzgll < Ra(k,n), where Ry is the function given by equation (7).

If Q™ is a degenerated spanning set for B™, then it is a non-degenerated spanning set for a
lower-dimensional unit ball, say for B” such that n/ < n. Since Ro(k,n’) < Ra(k,n) if n’ < n,
we may restrict ourselves to the non-degenerated case in what follows. Thus, Q" consists of n+1
vertices, say qo, - - - , ¢n, that are in general position and reside on the unit sphere S™. Viewed as
simplex, Q" contains the origin.

We apply induction on n + 1 — k. The case k = n + 1 (induction base) is trivial. The
only (n + 1)-sub-simplex of Q™ is Q" itself. Thus zg coincides with the origin 2. Therefore,
|zl = [|2"]] = 0 = Ra(k,n 4+ 1). The following result covers the case k = n.

Lemma A.1 Let Q be a central face of Q™. Then, ||zql|| < 1/n.

Proof: We will derive several formulas for the (n-dimensional) volume V of the simplex Q"
(in terms of ||2q|| and some other parameters) which algebraically imply that [|zg|| < 1/n.

Let Q; = Q™ \ {¢;}. Remember that, by abuse of notation, @); denotes also the face induced
by the vertices of @™\ {¢;}. Let V; denote the ((n— 1)-dimensional) volume of @Q);. Let @} be the
simplex that is obtained from Q™ when we replace vertex ¢; by the origin, and let V! denote the
(n-dimensional) volume of Q. Let finally h; denote the distance between vertex ¢; and face Q;
(i.e., the height of Q™ when viewed as simplex on top of face @;), and let r; denote the distance
between the origin and @Q; (i.e., the height of @} when viewed as simplex on top of face Q;). An
illustration of these notations may be found in Figure 7. Note that

lzqll = min 7; (8)
1=0,...,n
because @ is a central face.
We proceed with the following auxiliary result:

Claim A.2 Foralli=0,...,n: h; <1+ r;.

Proof of the Claim: Let z; be the projection of the origin to face ;. Clearly, h; is not
greater than the distance from g¢; to z;, i.e., h; < ||z; — ¢;||. As a vertex of Q™, ¢; has distance
1 from the origin, and (by definition of r;) the origin has distance r; to z;. Using the triangle
inequality, we conclude that h; < ||z; — ¢;|| < 1+ ;. 0
We are now prepared to derive various formulas for V. Remember that the n-dimensional
volume of a simplex in R", viewed as simplex of height h, on top of a face @, with (n — 1)-
dimensional volume YV, is given by h,V,/n. In combination with Claim A.2, we get

_ h; V; < (1 +7“Z')Vi‘
n n

% 9)

Summing over all ¢, we obtain

(n+1)V = 2(hoVo+ -+ kW) < 2 (L roVo+ -+ (1 +7)V0). (10)
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Figure 7: A non-degenerated spanning set @® and the decomposition of the corresponding
simplex into sub-simplexes. The serpentine lines indicate segments of length 1.

Since Q™ partitions into Qj, ..., Q) (up to an overlap of n-dimensional volume zero), we may
alternatively write V as follows:

1
V=Vt V=~V + -+ ) (11)
Subtracting (11) from (10), we get
1
W< W) =2, (12)
n n

where O = Vy+ -+ V), is the ((n — 1)-dimensional) volume of the surface of Q". Dividing (11)
by (12), we obtain

> 2. e e 13

~ > Tot T (13)
Note that the right hand of this inequality is a convex combination of rq, ..., r, and therefore
lower-bounded by min;—g 7 = ||2g||. This completes the proof of Lemma A.1. 0

As a marginal note, we would like to mention that (12) implies that V/O < 1/n?. Quantity
1/n? is precisely the volume-surface ratio of the regular simplex® with n + 1 vertices residing on
the unit sphere S”. (Figure 8 shows the regular simplexes in %2 and R3, respectively.) We have
therefore accidentally proven that regular simplexes (with vertices residing on the unit sphere)
achieve the highest volume-surface ratio (among all simplexes whose vertices reside on the unit
sphere).

We are now prepared to perform the inductive step. Let Q = Q*~! be a central k-sub-simplex
of Q™ for some k < n. It follows that there is a chain

k—1 ~1
QU Cc--Cc@ Cc,

SA simplex is called regular if all of its edges have the same length. By symmetry, the vertices of each regular
simplex reside on the boundary of a ball around their center of gravity. The regular simplex is unique up to
translation, rotation and scaling.
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(a) (b)

Figure 8: (a) A regular simplex with 3 vertices. (b) A regular simplex with 4 vertices.

such that Q7 is a (j + 1)-sub-simplex of Q™ for j = k—1,...,n, and Q7 is a central face of Q/*!
for j =k —1,...,n — 1. We denote the sub-ball of B, obtained by intersecting B" with the
lowest-dimensional affine sub-space containing @7, as B (2j,7;). Here, z; is the center of this
sub-ball and r; is the radius. Note that z, coincides with 2" (the origin) and r, = 1. Since
Zp—1 = Zgn—1 and Q"1 is a central face of Q", Lemma A.1 yields

l2n = zn—1ll = 201l < 1/n. (14)

Furthermore, z;,_1 = zg. We define R(k, j) 2 |lzj — zx—1]| for j = k —1,...,n. Note that
R(k,k —1) = 0 and R(k,n) = ||zx—1]| = ||2¢l|. It suffices therefore to show that R(k,n) <
R2 (k’, n)

We may apply the induction hypothesis to @ as k-sub-simplex of @Q"~!, keeping in mind
that B(z,_1,7,_1) has radius 7,_1 (and not radius 1). Taking the scaling factor r,_; into
consideration, the inductive hypothesis reads as follows:

R(k,n—1) <rp_1-Ra(k,n—1) (15)

Let zp be a vertex in ). The rest of the proof, which is illustrated in Figure 9, makes use
of the fact that the triangles induced by zg, zn—1, 2, and zp_1, 2n—1, 2n, respectively, have both
a right angle at z,_1. The Pythagorean Law, applied to both triangles, yields:

2 = 1 |zeal? (16)

n—1
R*(k,n) = R*k,n—1)+ |zp-1|? (17)
In combination with equations (15) and (14), we get
R*(k,n) < i yR3(k,n —1) + [lzp—1]?

= (1= [lza-1lP)R3(k,n = 1) + || zp1 |
1 1
< (1 - n2> R3(k,n — D+

= R:(k,n).

24



The last inequality holds because (1—||z,—1?) R3(k,n—1)+||2,—1]|? is a convex combination
of R3(k,n—1) and 1 and R3(k,n—1) < 1. This convex combination is maximized when ||z,_1||?
equals its upper bound 1/n?. The last equality (expressing Ra(k,n) in terms of Ro(k,n — 1)) is
obtained by a straightforward calculation that uses equation (7). It follows from our calculations
that R(k,n) < Ra(k,n), which concludes the proof.

Figure 9: Two triangles (with a right angle at z,_1, respectively) induced by the center z, of
an n-dimensional simplex Q" and the centers of some sub-simplexes of Q™. Serpentine lines
indicate segments of length 1.

Finally, we would like to mention that the upper bound on ||zg| given in Lemma 5.16 is
tight: if @ is a k-sub-simplex of the regular simplex with n + 1 vertices residing on S™, then
|zl = R2(k,n). We omit the straightforward inductive proof of this claim.
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